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[Tpoxwpnuevec AouEC AedoOPEVWV

1) Union-Find (Disjoint sets)
2) Hash tables
3) Tries
4) Aevtpa
Interval Trees
Binary Indexed Trees

Quad Trees
5) Suffix Arrays



Tries

e Eival yia 0evpIkn Ooun 0EOOUEVWY TTOU JOC
EMTPETTEI VA ATTOBNKEUOUE CUVOAQ
OUMPBOAOCEIPWY KAl VO EKTEAOUUE TTPACEIC O€
QuTa.

 MTTOpOUNE VO EKTEAOUME TTPALEIC oNn-line (Ogv
XPEIACETAI VA EXOUME OAa T OEOOUEVA ATTO
TTPIV).

e XpNnoliJoTtrolouvTtal ouyxvda yia avatrapaoTaon
AECIKWV.



Tries: [pacgeig

* [1poocONKN cuuoAooelipag
* AQaipeon cuuBoAooelpacg
* 'EAgyxoc yvia UtTTapen oupPoAoCEIpaC

* Avalntnon/kataueTpnon ocuuBoAooeipwy HUE TO
i010 TTPOBeQ

o AAPOPBNTIKN TOgIVOUNON oUuBoAoCEIpWYV
 EUpeon K-00TNG AEENC



Tries: Kartaokeun

o APXIKA £XOUME WIa “WYeUTIKN” pida TToU
QVTIOTOIXEI OTNV KEVI OUMPOAOCEIPA.

o KaBevag atrd Toug UTTOAOITTOUC KOM[30oUC
QVTIOTOIXEI O€ KATTOIO YPAUUA TNS aApapBnTou.

e [10 va TTPOOCOECOUME UIa AEEN CEKIVAPE QTTO TNV
pia Kal akoAouBoUpuEe TO HOVOTTATI TTOU OEIXVOUV
TA YPAMMATA TNG, TTPOCOETOVTAC OOOUC KOU[B0OUC
OEV UTTAPXOUV.



Tries: [Napadelyua KATAOKEUNG
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—» add “tree”




Tries: [Napadelyua KATAOKEUNG

- —» add “tree”




Tries: [Napadelyua KATAOKEUNG

—» add “tree”
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Tries: [Napadelyua KATAOKEUNG

—» add “tree”




Tries: [Napadelyua KATAOKEUNG

. add “.tr.ee”



Tries: [Napadelyua KATAOKEUNG

a

add
— » add “trie”




Tries: [Napadelyua KATAOKEUNG

add
— » add “trie”




Tries: [Napadelyua KATAOKEUNG

add
— » add “trie”



Tries: [Napadelyua KATAOKEUNG

add
‘ > add “trie”




Tries: [Napadelyua KATAOKEUNG

add
‘ > add “trie”




Tries: [Napadelyua KATAOKEUNG
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Tries: [Napadelyua KATAOKEUNG




Tries: [Napadelyua KATAOKEUNG

a
o
-~ » add “bye”

‘ G A/




Tries: [Napadelyua KATAOKEUNG
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Tries: [Napadelyua KATAOKEUNG

add “tree”

add “trie”

add “bye”
~» add “tr”



Tries: [Napadelyua KATAOKEUNG

add
e
add

. add “tr,”




Tries: YAotroinon (the 101 way)

#define N 50000
struct node {

int children[26];
char isWord;

3

struct node Trie[N];

int trieNodeCount;

int initialize(Q) {

trieNodeCount = 1; /* mpocbétovpe Ty “Pedtixn” oo */




Tries: YAotroinon Tn¢ add

int add(char *word, int length) {
int i, nextNode, curNode = 1; /* tomobetobpe to BéAoc otnv pila */

for (i=0; i<length; 1i++) {
nextNode = Trie[curNode].children[ word[i] - 'a' ];

1f ( nextNode == 0 ) { /* av 8ev umdpyet 0 x6uPoc oo
trie, té6te tov dnuovpyobue */

trieNodeCount++;
Trie[curNode].children[ word[i] - 'a’" ] = trieNodeCount;
curNode = trieNodeCount;
}
else {
curNode = nextNode;

}
}

Trie[curNode].isWord = 1;

}




Tries: [lapadciyparta
A

add “tree”
0 ° add “trie”
add “bye”

add “tr”

0 ~—» remove “trie”




Tries: [lapadciyparta
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Tries: [lapadciyparta

add “tree”
0 ° add “trie”
add “bye”
\
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0 ~—» remove “trie”




Tries: [lapadciyparta

add “tree”
0 ° add “trie”
add “bye”

add “tr”

0 ~—» remove “trie”
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Tries: [lapadciyparta

add “tree”
‘ Q add “trie”
add “bye”

add “tr”
‘ 0 —» remove “trie”

\A °




Tries: YAoTtroinon TnG remove

int remove(char word, int length) { /* axolovbBodue to povomért. péyot Tov
xO0ufo Tov TEAELTOLOL YPOWUWOTOS XOL CTY
ovvéyeta aAA&lovpe to isWord o O */

int 1, curNode = 1; /* tomobetobpe to BéAhog atnyv pila Tov trie */
for (i=0; i<length; i++) {

curNode = Trie[curNode].children[ word[i] - 'a' ];

assert(curNode != @); /* vmobétovpe 6t M AéEn Mov BéAovue vo
dwaypbdovpe vMGExeL Téhvta */

}

Trie[curNode].isWord = 0;




Tries: [lapadciyparta

S
add “tree”
‘ ° add “trie”
add “bye”
add “tr”

remove “trie”
-~ » check “tr”




Tries: [lapadciyparta

A add “tree”
‘ 0 add “trie”
add “bye”

add “tr”

remove “trie”
-~ » check “tr”




Tries: [lapadciyparta

add “tree”
0 ° add “trie”
add “bye”
\

add “tr”

remove “trie”
— » check “tr” true

OTACANE OTO KOUPBO TOU TEAEUTAIOU YPANHUATOC, EAEYXOUME
av To isWord autou Tou kKOuBou sivar 1



Tries: [lapadciyparta
-

add “tree”

‘ ° add “tric”
add “bye”

add “tr”

remove “trie”
check “tr” true

-~ » check “by”




Tries: [lapadciyparta

A add “tree”
0 ° add “trie”
add “bye”

add “tr”

remove “trie”
check “tr” true

-~ » check “by”




Tries: [lapadciyparta

add “tree”

add “trie”

add “bye”

add “tr”

e remove “trie”
check “tr” true

-~ » check “by” false

OTACANE OTO KOUPBO TOU TEAEUTAIOU YPANHUATOC, EAEYXOUME
av 10 isWord autouU Tou KOMBou €ival 1



Tries: [lapadciyparta
.
add “tree”

‘ ° add “tric”
add “bye”

add “tr”

remove “trie”
0 check “tr” true

check “by” false

~ » check “ten”




Tries: [lapadciyparta

A add “tree”
0 ° add “trie”
add “bye”

add “tr”

remove “trie”
0 check “tr” true

check “by” false

~ » check “ten”




Tries: [lapadciyparta

add “tree”

add “trie”

add “bye”

add “tr”

remove “trie”

check “tr” true

check “by” false
-~ » check “ten”




Tries: [lapadciyparta

add “tree”

add “trie”

add “bye”

add “tr”

remove “trie”

check “tr” true

check “by” false
— » check “ten” false

\\ 7/

Agv unapyel KOPPBoOC nNpoc To ypaupa “e”. Auto onuaivel
OTI O0gv unapxel Ae€n nou va apyilel ano “te”, apa dev
UndAapxel kal N oudpBoAooslipa nou waxvoupe. NMpenel va
AAQBoOUME UNOWIV HAC KAl AUTN TNV NEPINTWON.



Tries: YAotroinon 1n¢ check

bool check(char word, int length) {
int 1, curNode = 1; /* tomobetobpe to BéAhog atnyv pila Tov trie */
for (1=0; i<length; 1++) {

curNode = Trie[curNode].children[ word[i] - 'a' ];

1f C curNode == 0 ) { /* av 8ev uTbpyet 0 x6uPoc oto trie
T6te Sev LMEEYEL xow N AEEn Tov Péyvovue */

return false;

}

return (Trie[curNode].isWord == 1 ? true : false);




Tries: [Napadeiyua EmTekTraonc (1)

o AuvaroTnTta TTPOOONKNC TNG idIAC AEENC TTEPICCOTEPEC
QTTO IO POPEC KAl

o aAAayn TNG check wWOTE va ETTIOTPEPEI TTOOEC POPEC
utTapxel N Aégn oTo trie (0 av dev UTTAPXEL).



Tries: YAotroinon pe wordCount

#define N 50000

struct node { ANAayr) Tou isWord og wordCount

e children [26£/ (atro char yivetan int).

int wordCount;
¥
struct node Trie[N];

int trieNodeCount;

int initialize(Q) {

trieNodeCount = 1; /* mpoobétovpe Ty “Peduxn” pila */




Tries: YAotroinon Tn¢ add

int add(char *word, int length) {
int i, nextNode, curNode = 1; /* tomobetobpe to BéAoc otnv pila */

for (i=0; i<length; 1i++) {
nextNode = Trie[curNode].children[ word[i] - 'a' ];

1f ( nextNode == 0 ) { /* av 8ev umdpyet 0 x6uPoc oo
trie, té6te tov dnuovpyobue */

trieNodeCount++;
Trie[curNode].children[ word[i] - 'a’" ] = trieNodeCount;
curNode = trieNodeCount;

}
else {

curNode = nextNode; Augdvoupe To TTARBOC TwV
} OUPBOAOCEIPWV TTOU KOTAAAYOUV O€
} / QUTOV TOV KOBO KOTd 1.
Trie[curNode] .wordCount++;

}




Tries: YAoTtroinon TnG remove

int remove(char word, int length) { /* axolovbBodue to povomért. péyot Tov
xO0ufo Tov TEAELTOLOL YPOWUWOTOS XOL CTY
ovvéyeta aAA&lovpe to isWord o O */

int 1, curNode = 1; /* tomobetobpe to BéAhog atnyv pila Tov trie */
for (i=0; i<length; i++) {

curNode = Trie[curNode].children[ word[i] - 'a' ];

assert(curNode != @); /* vmobétovpe 6t M AéEn Mov BéAovue vo
dwaypbdovpe vMGExeL Téhvta */

}

Trie[curNode] .wordCount--;

Meiwvoupe To TTANBOC Twv
OUMBOAOCEIPWY TTOU KATOAYOUV O€
QUTOV TOV KOPBO KaTtda 1.




Tries: YAotroinon 1n¢ check

H ouvdapTtnon moTpEéPel
TTAEOV QpPIBUO.

int check(char word, int length) {

int 1, curNode = 1; /* tomobetobpe to BéAhog atnyv pila Tov trie */

for (i=0; i<length; i++) {

curNode = Trie[curNode].children[ word[i] - 'a' ];

1f C curNode == 0 ) { /* av 8ev uTbpyet 0 x6uPoc oto trie
T6te Sev LMEEYEL xow N AEEn Tov Péyvovue */

return 0; <———— Agv utrdpyel povoTian, dpa 0 AEEgig
}

}

return Trie[curNode].wordCount; e EmoTpépoupe To TTARBOC
TWV AECEWV




Tries: [Napadeiyua ETEkTaonc (2)

AuvatoTnTa ATTAVTNONG O€ EPWTAMATA “TTOOEC AECEIC
apyilouv atio ....;"

Anuioupyia cuvaptnong prefixCount yia autd Tov
OKOTTO.

YAoTtroinon:

2.€ KOOE KOUBO TOU OEVTPOU Ba atToBnKEUOUPE Evav
EMMITTAEOV APIOUO: TO TTANBOC TWV AECEWV OTIC OTTOIEC
"aVvNKEI’.

Oa TTPETTEI VO OUVTNPOUMPE auTd Ta aBpoiocuata o€
KGO TTpdén add kai delete.



Tries: [Napadelyua KATAOKEUNG

. add “.tr.ee”




Tries: [Napadelyua KATAOKEUNG

a

N

add
— » add “trie”




Tries: [Napadelyua KATAOKEUNG

add
— » add “trie”




Tries: [Napadelyua KATAOKEUNG
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Tries: [Napadelyua KATAOKEUNG

add
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Tries: [Napadelyua KATAOKEUNG

add
— » add “trie”




Tries: [Napadelyua KATAOKEUNG




Tries: [Napadelyua KATAOKEUNG

add
add
add
~ » pcount “tr”




Tries: [Napadelyua KATAOKEUNG

add
add
add
~ » pcount “tr”




Tries: [Napadelyua KATAOKEUNG

add “tree”

add “trie”

add “bye”
~» pcount “tr” 2




Tries: [Napadelyua KATAOKEUNG

-

a

add “tree”
add “trie”
add “bye”
pcount “tr” 2
> remove “trie”
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Tries: [Napadelyua KATAOKEUNG

add “tree”
add “trie”
add “bye”
pcount “tr” 2
> remove “trie”




Tries: YAoTroinon yia JeTpnon
TTPOBEPATWYV

#define N 50000
struct node { MeTaBANTA TTOU ATTOBNKEUEI TO
TTANBOC TWV TTPOBEUATWYV TTOU
int children [263/ QVTIOTOIXOUV O€ auTOV TOoV KOUBOo
int prefixes;
};
struct node Trie[N];

int trieNodeCount;

int initialize(Q) {

trieNodeCount = 1; /* mpoobétovpe Ty “Peduxn” pila */




Tries: YAotroinon Tn¢ add

int add(char *word, int length) {
int i, nextNode, curNode = 1; /* tomobetobpe to BéAoc otnv pila */

for (i=0; i<length; 1i++) {
nextNode = Trie[curNode].children[ word[i] - 'a' ];

1f ( nextNode == @ ) { /* av 8cv uvmépxs. 0 x6uPoc oto
trie, té6te tov dnuovpyobue */
trieNodeCount++;
Trie[curNode].children[ word[i] — 'a' ] = trieNodeCount;
curNode = trieNodeCount;
3
else {
curNode = nextNode;

} Aucavoupe 1o prefixes yia Kabe
Trie[curNode].prefixes++; <«— Xoupo gTo povorar.




Tries: YAoTtroinon TnG remove

int remove(char word, int length) { /* axolovbBobuec to povomért. uéyot Tov
x6uPo Tov TEAELTALOL YPOUUOTOS %O OTN
ovvéyeta aAA&lovpe to isWord o @ */

int 1, curNode = 1; /* tomobetobpe to BéAhog atnv pila Tov trie */
for (i=0; i<length; i++) {

curNode = Trie[curNode].children[ word[i] - 'a' ];

assert(curNode != @); /* vmobétovps 61t M AéEN Mov BéAovue vo
draypbdovpe vMGEYeL Mévta */

Trie[curNode] .prefixes--;

\ AvTioTOIXO £BW) YEILVOUE TO

TTANBOC TWV TTPOBEPATWY VIO KABE
KOMBO TOU hovoTTaTIOoU.




Tries: YAotroinon tn¢ prefixCount

int prefixCount(char word, int length) {
int 1, curNode = 1; /* tomobetobpe to BéAhog atnyv pila Tov trie */
for (1=0; i<length; 1++) {

curNode = Trie[curNode].children[ word[i] - 'a' ];

if ( curNode == 0 ) { /* av 8ev vmNbpyet 0 x6uPoc oto trie 16te
olyovpa 8ev vLT4pxoLY AéEeic pe to prefix mov Péyvovpe */

return 0;

}

return Trie[curNode].prefixes;




Tries: [lapaAAayec

e Av OEV ETTAPKEI N UVAUN VIO va aTT0ONKEUOOUUE
evav Trivaka children ynkoucg |2| oe kaBe koupo,
TOTE UTTOPOUME VA EXOUME VAV OUVAMIKO TTiVOKO
TTOU VO TTEPIEXEI JOVO TA TTAIOIA TTOU TTPAYHATI
UTTAPYXOUV.

 MTTopouUpe va atroOnKeUoupPe YeyaAuTeEPQ
KOMMATIO CUMBoAoCEIpwyY O€ KOBE KOO (avTi
VIO Eva JOVO YPAUHQ).



Binary Indexed Trees

NMpoBAnua:
‘Exoupue N kouTia apiBunueva atmo 1o 1 w¢ 1o N.
O@EAoUE va PTIAEOUME Eva TTPOYPAMUA TTOU va
uttooTnpPilel TIC TTPACEIC:

. : MNp6oBeoe X oTTipTal OTO KOUTI S.

. . Bpec o aBpoiopa Twv oTTipTWYV TTOU
BpiokovTal aT1T0 TO KOUTI X €W¢ TO KOUTI Y. (X <=Y)



Binary Indexed Trees

NMpopavng Auon:

‘Exoupe evav mivaka N akepaiwy. 2TnV I-o0Tn
0£on Tou TTivaKa €ival atrToONKEUPEVO TO TTANB0C
TWV OTTIPTWYV TTOU BpiocKovTal OTO i-O0TO KOUTI.

. . ATTAQ TTpOOBETOUNE TOV APIBUO X OTNV
B€on S Tou TTivaka. AuTO QUOIKA ATTaITEl OTABEPO
XPOVO.

. . [Npétrel va TpooBcooupe OAEC TIC BETEIC
a1ro TRV X €WC KAl TNV Y. 2TNV XEIPOTEPN TTEPITITWON
O0a tTrpeTTel va ekteAcooupe N TTpooBEoEIC.
EtTopévwe n ToAuttAokOTNTA TG SUM €givar O(N).



Binary Indexed Trees

AUonNn pe pEPIKA aBpoiouaTa:

‘Exoupe €vav trivaka 1 atto N akepaiouc. 21NV
I-0o0TN B£0N TOU TTivaKa €ival ATTOBNKEUUEVO TO
GOpoioua TWV OTTIPTWYV TTOU BPICKOVTAl ATTO TO
10 HEXPI KAl TO I-OOTO KOUTI.

. . @Qa TTpETTEl va TTPOCBE0c0oUPE TO X O€ OAEC
TIC BE0EIC ATTO TV S £WC Kal TNV N.



Binary Indexed Trees

AUonNn pe pEPIKA aBpoiouaTa:

. . To oToixeio Tn¢ B€onc Y (dnAadn 1o M[Y])
TTEPIEXEI TO ABpoIouAQ:
KOUTI[1] + KouTi[2] + kouTI[3] + KOoUTI[X-1] + KOUTI[X] + ... + KOUTI[Y]
ATTO auTO BEAOUUE VA APAIPECOUME TA:
KOUTI[1] + KouTi[2] + kouTI[3] + KouTI[X-1]

[Tou avTioToIXoUv oTO oToIXEio [1[X-1]

2 3 e XA X | X+1 | .. Y-1 Y N

1
N — _

" X /
N o




Binary Indexed Trees

AUonNn pe pEPIKA aBpoiouaTa:
e o TTpoxwpPNUEVN 1I0€A, aAAQ:
 ADD: O(N)

« SUM: O(1)
e Agv KEPOIOAUE TITTOTA



Binary Indexed Trees

Auon pe buckets:

o Xwpilouue Tov tTivaka o€ O(N) buckets.
« ADD: O(1)

e SUM: O( sqrt(N) )



Binary Indexed Trees

AUoe€ig:

Mepika ABpoiocuara O(N) O(1)

Binary Indexed Trees O(logN) O(logN)



Binary Indexed Trees

* Eival yia dopn 0ed0OUEVWY TTOU JOC MOC
ETTITPETTEI VA OIAXEIPICOUAOTE UEPIKA
aBpoiopaTa. Zuykekpiuéva uttooTnpPilel TIC
TTPACEIC:

e [1p00Beon evOC apIOUOU o€ PIa CUYKEKPIUEVN BEON.
« ABpolioua Twv apiBuwy TTou BpiokovTal o€ Eva
OUYKEKPIYEVO DIAOTNMA.



Binary Indexed Trees

 OuolaoTIKA gival Evag TTiVOKAC apIBuwY. 2.€
KGBe BEon Tou TTivaka atrobnkeveTal TO
aBpoioua Twv OTTIPTWV TTOU BpioKovTal OTO
KOUTI auTNG TNS B€0N¢ KaBw¢ Kal o€ KATTOIEC
QTTO TIC AMECWC TTPONYOUMEVEC.

TT.X.
e 21NV 12n B6€0n TOU TTiVOKQ ATTOONKEUOVTAI TA OTTIPTA
TToU BpiokovTal a1ro 10 90 £wg Kal To 120 KOUTI.

* AvTioToixa otnv 14n B€on Tou TTivaka atroOnkeueTal
TO TTANBOC TWV OTTIPTWV TTOU BpiokovTal atrd To 130
€wC¢ Kal To 140 KOUTi.



Binary Indexed Trees

e [lw¢ ammopaacifouphe Ta OTTIPTA TTOCWYV KOUTIWV
O0a ammobnkevoupue o€ KABE BEonN;

o ECapTaTal ATTOKAEIOTIKA ATTO TOV QPIBUO TNG
0conc.

 MeTaTpotri oTo OUABIKO oUCTNUA.

o KaBe B€on atroBnkevel TOOO KOUTIA O0Q OEiXVE
0 MIKPOTEPOC A0C0C TNV OUAOIKN
avaTTapacTaon.



Binary Indexed Trees

. 1210 = 1100, . Av kpaTriooupe JOvo Ta Yneia
QTTO TOV TEAEUTAIO ACCO KAl OECIA, TOTE EXOUME
100, =4  .Apaotnv 0Eon 12 ammoBnkevuoupe
TO KOUTIA TWV 4 TEAeUTAiWY BECEWV.

AnAaodn atrd 10 90 £we 10 120 KOUTI.



Binary Indexed Trees

. 4010 = 101000, . Av kpaTtooupe YJovo Ta Yneia
QTTO TOV TEAEUTAIO ACCO KAl OECIA, TOTE EXOUME
1000, =8, .ApaoTtnv 0€on 40 amroBnkevuoupe
TO KOUTIA TwV 8 TEAeuTaiwY BECEWV.

AnAaodn atro 1o 330 £wc 10 400 KOUTI.



Binary Indexed Trees

. 4110 = 101001, . Av KpaTtooupe YJovo Ta Yneia
QTTO TOV TEAEUTAIO ACCO KAl OECIA, TOTE EXOUME

1, =1,,.Apaotnv 0con 40 amroBnkevuoupe 10
KOUTI MOVO TNG TEAeUTaiag BEonc.

AnAaodn uovo 10 410 KouTi.



Binary Indexed Trees

— |

9

10

11

12

1 10 1 100 101 110 1M1

1000 1001 1010 1011 1100




Binary Indexed Trees

2 1...2




Binary Indexed Trees

e [TWC ATTAVTAPE OTA EPWTAMATO
 Bhua 1
[TpooBETOUUE TNV TIWA TNGS BEoNC Y.
 BApa 2

AQaIpOUUE TOV UIKPOTEPO (OECIOTEPO) ACOO

aTTO TNV OUOOIKN avATTapACTAON TOU Y. (..
1010 — 1000)

 BApa 3
EtTravaAauavoupe yexpl 1o Y va yivel 0.



Binary Indexed Trees

©on: 414 2 3 4 5 6 7 8 9 10 M1

(ZmmipTa) 7 0 3 2 0 0 0 4 6 3 2

st | 7 | 7| 3|12 0| 0| 0 |16|6 | 9|2

‘EoTtw OT1 BEAOUPE va uTTOAOYiOOUPE TO ABpoIoua:
2[1]+ 2[2] + 2[3] + .... + 2[11]

@¢&Aoupueg, ONAadI), va aTTavTOOUUE OTO EPWTNUA:



Binary Indexed Trees

©on: ¢4 2 3 4 5 6 7 8 9 10 1 12

(ZmmipTa) 7 0 3 2 0 0 0 4 6 3 2 8

BIT: 7 7 3 12 0 0 0 16 6 9 2 10

T

Apxiloupe atro Tnv B€on 11 kai TrpoocBeToupe 10 BIT[11] = 2
OTO GOpoIouaQ.

SUM = 2



Binary Indexed Trees

©on: 414 2 3 4 5 6 7 8 9 10 M1

(ZmmipTa) 7 0 3 2 0 0 0 4 6 3 2

BIT: 7 7 3 12 0 0 0 16 6 9 2

T

H duadikn avarrapdacTtacon tou 11 givai 1011. Apaipoupe Tov

TTPWTO ACCO, EVW TA UTTOAOITTA Wn@ia TTApAPEVOUY idIa
1011
- 0001

1010 = 10

10

SUM = 2



Binary Indexed Trees

©on: ¢4 2 3 4 5 6 7 8 9 10 1 12

(ZmmipTa) 7 0 3 2 0 0 0 4 6 3 2 8

BIT: 7 7 3 12 0 0 0 16 6 9 2 10

T

[TA€ov BplokopaoTe otnv Béon 10, oTTOTE TTPOCBETOUNE TNV
Tiun Tou BIT[10] oTto GBpoiopua.

SUM=2+9 =11



Binary Indexed Trees

©on: 414 2 3 4 5 6 7 8 9 10 M1

(ZmmipTa) 7 0 3 2 0 0 0 4 6 3 2

BIT: 7 7 3 12 0 0 0 16 6 9 2

T

H duadikn avarrapdaoTtaon tou 10 gival 1010. Agaipouue Tov

TTPWTO ACCO, EVW TA UTTOAOITTA Wn@ia TTApAPEVOUY idIa
1010
- 0010

SUM = 11



Binary Indexed Trees

©on: ¢4 2 3 4 5 6 7 8 9 10 1 12

(ZmmipTa) 7 0 3 2 0 0 0 4 6 3 2 8

BIT: 7 7 3 12 0 0 0 16 6 9 2 10

T

Twpa eipyaate otTnVv B€on 8, OTTOTE TTPOCOETOUNE TNV TIUN
Tou BIT[8] oTO GBpoIcua.

SUM =11 + 16 = 27



Binary Indexed Trees

©on: 414 2 3 4 5 6 7 8 9 10 M1

(ZmmipTa) 7 0 3 2 0 0 0 4 6 3 2

BIT: 7 7 3 12 0 0 0 16 6 9 2

T

H duadikn avarrapdaoTtaon Tou 8 gival 1000. Apaipoupe Tov

TTPWTO ACCO, EVW TA UTTOAOITTA Wn@ia TTApAPEVOUY idIa
1000
- 1000

0000 = 0
Apa n TEAIKN atTavTnon €ivai

10



Binary Indexed Trees

« Epwtnon: MNarti eivar O(logN);

e —EKIVWVTOC OTTO TO Y, B0 KAVOUME TOOEC
TTPOCBETEIC OOOI €ival 0l AGoool Tou Y (agou
o€ KaBe BNua Ba kavoupe pia TTpoobeon Kal
0a oBnvoupe evav acoo aTtrd Tnv duadIKN
QVaTTOPACTACH TOU).

e H duadikr avarrapdaoTtaon KaBe apiBuou N
atroteAeital ato log N + 1 wneoia.

« Oa ekTeAEOTOUV TO TTOAU logosN + 1 = O(logN)
TTPOCBOECEIC.



Binary Indexed Trees

e [lWC ATTAVTAPE OTO EPWTNHA

To omraue o€ dUo:




Binary Indexed Trees

e [TWC ATTAVTAPE OTA EPWTAMATO ;

o [1pETTEl VO AAAACOUUE TNV TIUN OAWV TWV
OE£0EWYV TTOU TTEPIEXOUV TNV S.

* AvtioTpopn Aladikaaoia



Binary Indexed Trees

mX.S=5

| \ | | | \ | \
2 3 4 5 6 7 9 10 11 12
10 1 100 101 110 111 1000 1001 1010 1011 1100




Binary Indexed Trees

mX.S=5

— |

14

8

9

10

11

12

11

111 1000 1001 1010 1011 1100




Binary Indexed Trees

mX. S=12
\ \/ | | | \/ | | \/ |
1 2 3 4 ) 6 7 9 10 11 12

1 10 1 100 101 110 1M1

1000 1001 1010 1011 1100




Binary Indexed Trees

mX. S=12

| \ | | | \ | \
1 2 3 4 5 6 7 8 9 10 11 12
1 10 1 100 101 110 111 1000 1001 1010 1011 1100




Binary Indexed Trees

 Bhua 1
[TpocBETOUPE TOV APIBUO X oTNV B€0n S.
 BApa 2

[TpoocOETOUPE TOV HIKPOTEPO (OECIOTEPO) ACTO
oTnVv TNV OUAdIKN avaTTapAocTaOON TOU S.

(1r.x. 1010 — 1100)

Bapa 3

ETravaAauBAavoupe PEXPI TO S va CETTEPATEI TO
LUEYEBOC TOU TTiVAKA.



Binary Indexed Trees

+3

©on: ¢ 2 3 4. 5 6 7 8 9 10 1 12

(ZmmipTa) 7 0 3 2 0 0 0 4 6 3 2 8

BIT: 7 7 3 12 0 0 0 16 6 9 2 10

‘EoTw OT1 BEAOUpE va TTpoocBEocoupe 3 oTTipTa OTNV B€0N 5:

@&Noupe, ONAAON, va EKTEAECOUUE TNV TTPALN:



@éon:

(ZtipTa) 2

BIT:

ApXIKa TTpooBEToupE TO 3 oTnV B€on 5 Tou TTivaka BIT.

Binary Indexed Trees

4 S 8 10 11 12
2 3 4 3 2 8
12 3 16 9 2 10

T




Binary Indexed Trees

©on: ¢4 2 3 4 5 6 7 8 9 10 1 12

(ZmmipTa) 7 0 3 2 3 0 0 4 6 3 2 8

BIT: 7 7 3 12 3 0 0 16 6 9 2 10

T

H duadikn avarrapdaoTtaon Tou S gival 101. NpooBeToupE,
NOITTOV, TTPWTO ACCO:
101



Binary Indexed Trees

©on: ¢4 2 3 4 5 6 7 8 9 10 1 12

(ZmmipTa) 7 0 3 2 3 0 0 4 6 3 2 8

BIT: 7 7 3 12 3 3 0 16 6 9 2 10

T

Apa n etréuevn B€on Tou TTivaka BIT otnv otToia TTpETTEl
va TTpooTeBEi To 3 €ival n B€on 6.



Binary Indexed Trees

©on: ¢4 2 3 4 5 6 7 8 9 10 1 12

(ZmmipTa) 7 0 3 2 3 0 0 4 6 3 2 8

BIT: 7 7 3 12 3 3 0 16 6 9 2 10

T

H duadikn avarrapdaoTtaon Tou 6 ival 110. [NpoocBeToupe,
cava TTPWTO ACOO:
110



@éon:

(ZtipTa) 2

BIT:

Binary Indexed Trees

10

11

12

12

19

10

T

‘ET01 TO TTpO0BETOUNE TO 3 OTO BIT[8] KaI yiveTal:

BIT[8] =16 +3 =19




Binary Indexed Trees

©on: ¢4 2 3 4 5 6 7 8 9 10 1 12

(ZmmipTa) 7 0 3 2 3 0 0 4 6 3 2 8

BIT: 7 7 3 12 3 3 0 19 6 9 2 10

T

H duadikn avatrapacTacn tou 8 gival 1000. NpooBETovTag
TOV TTPWTO (KAl JovadikO) A0CO0 TTAiIPVOUE:

1000
+ 1000

10000 = 10

10



Binary Indexed Trees

©on: ¢4 2 3 4 5 6 7 8 9 10 1 12

(ZmmipTa) 7 0 3 2 3 0 0 4 6 3 2 8

BIT: 7 7 3 12 3 3 0 19 6 9 2 10

T

To 16 OpwC gival yeyaAuTepo atro 10 PEyEBOC Tou TTivaka BIT,
dpa n dladikagia TepUATICEl €OW.



Binary Indexed Trees: YAotroinon
TNC sum

int sumCint Y) {
int answer = 0; /* petofAnti Tov xpatder to {nrobuevo &bpotopa */
while (Y > 0) {
answer += BIT[Y];
Y -= (Y & -Y);
}

return answer;




Binary Indexed Trees: YAotroinon
TNC sum

int sumCint Y) {
int answer = 0; /* petofAnti Tov xpatder to {nrobuevo &bpotopa */
while (Y > 0) {

answer += BIT[Y];
Y -= (Y & -Y);

return answer; \




Binary Indexed Trees: YAotroinon
NG add

void add(int pos, int num) {

while (pos <= N) {

BIT[pos] += num;
pos += (pos & -pos);
}




Interval Trees

0

0

0

0
0 0 o O 0 0 0

0

0 0




Interval Trees

0

MNeplexopeva nivaka T yia kabe KOuURo

\

0

0
0 0 o O 0 0 0




Interval Trees
(avaTtrapaocTaocn otn MvAun)

X

[(a+B)/2 +1, B]

k

ApioTepo naidi Tou k @ 2 * k
Ag€16 naidi Tou k: 2 ¥k +1
MNaTtepacg Tou K k/ 2



Interval Trees
o
’ o’



Interval Trees
:



Interval Trees
:
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Interval Trees
0
0 @ 0
o oo
e @ -
@@@@@ ) e o



Interval Trees
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Interval Trees
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Interval Trees
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Interval Trees
0
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e @ -
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Interval Trees
0
0 @ O

O | A, |
nibad
O O O O e O 0 0
fO6ORGO0
0 O 3 |
®8 ww



Interval Trees
:
@ o



Interval Trees

Update pos = 6, value = 3

0 0 0
@ @ “ @ w0 w0
0




Interval Trees

ES’
0
) oo
0 0 0 0 3 0 0 0
02 Ba wa E9 ©1 B (00
0 0 3 0



Interval Trees

0
) oo
|
0 0 0 0 3 0 0 0
02 Ba wa E9 ©1 B (00
0 0 3 0



Interval Trees
;



Interval Trees
;
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Interval Trees
3
0 @ 3
o oo
e @ o
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Interval Trees
3
0 @ 3
o oo
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Interval Trees
&



Interval Trees
3
v o’
0 0 3 2
v wa s @S
0 0 0 0 3 0 2 0
wa o wa s w1 ea (@) coo
0 0 3 0
w e LU



Interval Tregs
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Interval Trees

update( pos, value, X, Y, id) {
mid;
if (x=y){
T[id] = value;
}
else {
mid = (X + y)/2;
if ( pos <= mid ) {
update(pos, value, x, mid, 2*id);

}
else {

update(pos, value, mid+l, y, 2*id + 1);
}

T[id] = max(T[2*id], T[2*id + 1]1);




Interval Trees
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Interval Trees
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Interval Trees
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Interval Trees
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Interval Trees
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Interval Trees
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Interval Trees
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Interval Trees

[3.9]
o
351 0 [6.9]

sl oo




Interval Trees

[3.9]
o

135] 0 [6.9]




Interval Trees

[3.9]
o

135] 0 [6.9]




Interval Trees

[3.9]
o

135] 0 [6.9]




Interval Trees

[3,9]
L
3,51 0 [6,9]
s e
o [33] 451 0

3 2
° ° @ @




Query [3, 9] Interval Trees

[3.9]

3




Query [3, 9] Interval Trees

[3.9]




Query [3, 9] Interval Trees

[3.9]

[4.9]

o [3.3]



Query [3, 9] Interval Trees

[3.9]

[4.9]

o [3.3]



Query [3, 9] Interval Trees

[3.9]

[4.9]

o [3.3]



Query [3, 9] Interval Trees

[3.9]

[4.9]

o [3.3]



Query [3, 9] Interval Trees

[3.9]

[4.9]

o [3.3]



Query [3, 9] Interval Trees

[3.9]

[4.9]

o [3.3]



MepITTWOEIC EpWTNUATWY (1N)

@ QX =xkaI QY =y
emoTpEPoupe T[id]



MepITTTWOEIC EPWTNHATWY (2N)

@ QY <= mid
MaG evOlapEPEl HOVO TO APIOTEPO KAQDI

@ ETTioTp£@POouE TO ATTOTEAEOUA TOU APICTEPOU KAQDIOU
OTO query JeE To id1o diIdoTNUa



MepITTTWOEIC EPWTNHATWY (3N)

@ QX >=mid + 1
MaG evOIaPEPEI HOVO TO OEEIO KAADI

EmoTtpé@oupue 10 atroTéAecpa Tou deClou KAadIoU
OTO query Pe 10 idlo dIdoTNHA



MepITTTWOEIC EPWTNHATWY (4Nn)

@ Ortav dev 10xUEl Kapia atrd TIC TTPONYOUMEVEG OUVONKEC
Mag evolagpEpouV Kal Ta dUo KAadIA.

2TTAUE TO DIACTNUA EPWTANATOC O dUO aveCAPTNTA
AlaoTrjuarta Ta oTroia oTEAVOUUE OoTa OUO TTaIdIA.

[6.9]



Interval Trees

query(Cint QX, QyY, X, Ys id) {
if ( x = QX & y == QY ) return T[id];

mid = (X + y)/2;
1if CQY <= mid ) {
return query(QX, QY, x, mid, 2*id);
}
else if C QX > mid ) {
return query(QX, QY, mid+l, y, 2*id+1l);
}
else {
return max(query(QX, mid, x, mid, 2*id),
query(mid+l, QY, mid+l, y, 2*¥%id + 1));
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