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Divide anad conquer

« [oga * [lpofAnuaTa

« [Napaoeiypama = count inversions
= merge sort = closest pair
= binary search = Integer arithmetic
= Maxand min = matrix

« Avahuon multiplication

= K-th element
« Master theorem
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Analysis of Recurrence

o

[0 T(N)<cN dog, N[]

If N=1
| .

T(N)<OT(IN/20)+T(N/20)+ cN  otherwise
B ~ J C > J —

= solvelefthalf  solveright half — combine

Proof by induction on N.
. Base case: N=1.
. Definen, =0n /20, n,=0n/20

. Induction step: assume trueforl, 2,..., N-—1.
T(N) < T(ny))+T(ny)+cn -
2
< cny[log, n, [} cn,[log, n, 1 cn
<

cny [Jog, n, [ cn, [1og, N, [t cn
cn[]og, n,[fcn

cn( og,n[+1)+cn

cnog, n[J

VAN

[]

= [M/2[]
< @Dogzn DIZD

log, n, < [Jog,n]-1




To Kupio Ocwpnpa
(Master Theorem)

Oedhpnua 6.9.1. Master Theorem Fotw a > xat b > 1 otafepée, f(n)
uta ouvdptnon, xat np T(n) oplletar otous un apypuixode axcealous arnd tny
avadpoul

T(n) = aT(n/b) + f(n)

(to n/b onualver elte |nfb| elte [nfbl). Téte n T(n) unopel va gpeayrel
AOVURTOTIXE WS EENC:

o T(n) =0(f(n), av f(n) = Q(n'€ %) yia xdroia otalbepd € > 0,xai
av af(n/b) < c¢f(n) yia xdroia otafepd ¢ > 1 xar dAa ta apxetd
ueYdAa n

o T(n) = ©(f(n)logen), av f(n) = ©(n'**)

e T(n)=0(n'%*), av f(n) = O(n'®* ) yia xdnota otafcped € > 0



Counting Inversions

Web site tries to match your preferences with others on Internet.

. You rank N songs.

. Web site consults database to find people with similar rankings.

Closeness metric.
Myrank ={1,2,...,N}
. Yourrank ={ay, a,, ..., ay}
Number of inversions between two preference lists.

Songs i and j inverted if i <], but a; > &

sSongs

Inversion

Inversions

{3, 2}, {4, 2}




Counting Inversions

Brute-force solution.
. Check all pairsiand jsuch thati <.
. © (N?) comparisons.

Note: there can be a quadratic number of inversions.

. Asymptotically faster algorithm must compute total number
without even looking at each inversion individually.




Counting Inversions: Divide-and-Conquer

Divide-and-conquer.




Counting Inversions: Divide-and-Conquer

Divide-and-conquer.

. Divide: separate list into two pieces.

1 (5|4 |8 |10

6 | 9 |12

11

7 O(1)

1 5 4 8 10 2

6 9 12 11 3

-
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Counting Inversions: Divide-and-Conquer

Divide-and-conquer.

. Divide: separate list into two pieces.

. Conquer: recursively count inversions in each half separately.

1|5

4

8

10

12

11

3

1 5 4 8 10 2 6 9 12 11 3 7

5 blue-blue inversions

8 green-green inversions

O(1)

2T(N / 2)

12




Counting Inversions: Divide-and-Conquer

Divide-and-conquer.

Divide: separate list into two pieces.

. Conquer: recursively count inversions in each half.

. Combine: count inversions where g and g; are in different halves.

1|5

4

8

10

12

11

3

1 5 4 8 10 2 6 9 12 11 3 7

5 blue-blue inversions

9 blue-green inversions:

8 green-green inversions

{5-3, 4-3, 8-6, 8-3, 8-7, 10-6, 10-9, 10-3, 10-7}

O(1)

2T(N / 2)

O(N?)
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Counting Inversions: Divide-and-Conquer

Divide-and-conquer.
Divide: separate list into two pieces.

. Conquer: recursively count inversions in each half.

. Combine: count inversions where g and g; are in different halves.
Return sum of three quantities.

154|810 2|6 |9 |12]|11| 3 | 7 O(1)

1 5 4 8 10 2@ 6 9 12 11 3 7 2T(N / 2)

5 blue-blue inversions 8 green-green inversions

9 blue-green inversions: O(N?)
{5-3, 4-3, 8-6, 8-3, 8-7, 10-6, 10-9, 10-3, 10-7}

Total =5+ 8 + 9 = 22. O(1)
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Counting Inversions: Divide-and-Conquer

Divide-and-conquer.
Divide: separate list into two pieces.

. Conquer: recursively count inversions in each half.
m) . Combine: count inversions where a, and a; are in different halves.

Return sum of three quantities.

15,4 |8|10]2 6|9 |12|11| 3 | 7

1 5 4 8 10 2 6 9 12 11 3 7

5 blue-blue inversions 8 green-green inversions

9 blue-green inversions:
{5-3, 4-3, 8-6, 8-3, 8-7, 10-6, 10-9, 10-3, 10-7}

Total =5+ 8 +9 = 22.

O(1)

2T(N / 2)

Can we do this step in
sub-quadratic time?

o(1)

15




Counting Inversions: Good Combine

Combine: count inversions where g and a; are in different halves.
. Keyidea: easy if each half is sorted.
. Sort each half.
. Count inversions.

1 5 4 8 10 2 6 9 12 11 3 7
1 2 4 5 8 103 6 7 9 11 12 O(N log N)

9 blue-green inversions: 4 + 2+ 2+ 1+0 + 0O O(N)

T(N) =T(N/20)+T( IN/20)+ O(NlogN) O T(N) = O(Nlog? N)

16




Counting Inversions: Better Combine

Combine: count inversions where g and a; are in different halves.
. Assume each half is pre-sorted.

. Count inversions. >

Merge two sorted halves into sorted whole.

3 7 10 14 18 19 2 11 16 17 23 25

13 blue-green inversions: 6+3+2+2+0+0 O(N)

2|37 (10|11|14|16(1718|19|23 |25 O(N)

T(N) =T(N/20)+T(N/20)+ O(N) O T(N)=O(NlogN)




Closest Pair

Given N points in the plane, find a pair that is closest together.
For concreteness, we assume Euclidean distances.

Foundation of then-fledgling field of computational geometry.

Graphics, computer vision, geographic information systems,
molecular modeling, air traffic control.

Brute force solution.
Check all pairs of points p and q.
© (N?) comparisons.

One dimensional version (points on a line).
O(N log N) easy.

Assumption to make presentation cleaner.
No two points have same x coordinate.

18




Closest Pair

Algorithm.
. Divide: draw vertical line so that roughly N/ 2 points on each side.

19




Closest Pair

Algorithm.
. Divide: draw vertical line so that roughly N/ 2 points on each side.
. Conquer: find closest pair in each side recursively.

20




Closest Pair

Algorithm.
. Divide: draw vertical line so that roughly N/ 2 points on each side.
. Conquer: find closest pair in each side recursively.
. Combine: find closest pair with one point in each side.

21




Closest Pair

Algorithm.
Divide: draw vertical line so that roughly N/ 2 points on each side.

. Conquer: find closest pair in each side recursively.
. Combine: find closest pair with one point in each side.
Return best of 3 solutions.

22




Closest Pair

Algorithm.
Divide: draw vertical line so that roughly N/ 2 points on each side.

. Conquer: find closest pair in each side recursively.
. Combine: find closest pair with one point in each side.
Return best of 3 solutions.

23




Closest Pair

Key step: find closest pair with one point in each side.

. Extrainformation: closest pair entirely in one side had distance 0.

o =min(12, 21)

24




Closest Pair

Key step: find closest pair with one point in each side.

Extra information: closest pair entirely in one side had distance o.

. Observation: only need to consider points S within o of line.

d=min(12, 21)

25




Closest Pair

Key step: find closest pair with one point in each side.

Extra information: closest pair entirely in one side had distance o.

. Observation: only need to consider points S within o of line.

. Sort points in strip S by their y coordinate.

- suffices to compute distances for pairs within constant number

of positions of each other in sorted list!

o 0 ..
. ° ©
: " lel®|/a
12, - |© o ..
o o 9 ®
0

d=min(12, 21)

26




Closest Pair

S = list of points in the strip sorted by their y coordinate.

Crucial fact: if pand g arein S, and if
d(p, q) <3, then they are within 11 eee
positions of each other in S. (39) @&
. No two points lie in same box. @
. Two points at least 2 rows apart
have distance > 25/ 2. T 5/ 2
2 rows
| o 50 512
26
25
( N N J

27




O(N log N) =>

2T(N/2) —=>

oN) —=>

O(N log N) =>

oN) —=>

oN) —=>

Closest Pair

d = ClosestPair (py, Py, .- -, Py)

Compute separation line X = X,.q Such that half the points

have x coordinate less than x4, and half are greater.

0, = ClosestPair(left half)
d, = ClosestPair(right half)
d=min (d;, 0,)

Delete all points further than & from separation line.
Sort remaining points in strip by y coordinate.

Scan in y order, and compute distance between each point
and next 11 neighbors.

If any of these distances is less than o, update 0.

T(N) =T(N/20)+T( IN/20)+ O(NlogN) O T(N) = O(Nlog? N)

28




Closest Pair

Can we achieve O(N log N)?
. Yes. Don’t sort points in strip from scratch each time.

. Each recursive call should return two lists: all points sorted by y
coordinate, and all points sorted by x coordinate.

. Sorting is accomplished by merging two already sorted lists.

TIN) =T(N/20)+T(IN/20)+ ON) O T(N)=O(NlogN)

29




Integer Arithmetic

Given two N-digit integers a and b, compute a + b.
. O(N) bit operations.

Multiplication: given two N-digit integers a and b,
compute ab.

Brute force solution: ® (N?) bit operations.

Application.
. Cryptography.

11010101
*01111101

AR MOL I NN RN MO RN )
0000000O0O
AR MOL I NN RN MO RN )

AR MOL I NN RN MO RN )

1 1 1 1 1 0 1 AR MOL I NN RN MO RN )
1 1 0 1 0 1 0 1 AR MOL I NN RN MO RN )
o 1 1 1 1 1 O AR MOL I NN RN MO RN )

o 1 0 1 0 0 1 O 0000000O0O

01101000000000010

30




Divide-and-Conquer Multiplication: First Attempt

To multiply two N-digit integers:
. Multiply four N/2-digit integers.
. Add two N/2-digit integers, and shift to obtain result.

123,456 x987,654 = (103w + x)x(103y + 2)

= 106(Wy) + 103(WZ + Xy)+ 100(xz)

= 10°(121,401) + 10°(80,442 + 450,072) + 10°(298,224)
= 123 = 121,401,299,224

= 456
987
= 654

N < x S
I

ab = (10N"2w + x)10N'? y + 2)

N is a power of 2 —> T(N) = 4T(N/2) + ©O(N) O T(N)=0(N?)

recursive calls add, shift

31




Karatsuba Multiplication

To multiply two N-digit integers:
. Add two N/2 digit integers.
. Multiply three N/2-digit integers.

. Subtract two N/2-digit integers, and shift to obtain result.

123,456 x 987,654

= 123
= 456
987

(103W + X)X (1O3y + 2)

106(Wy) + 103(Wz + Xy)+ 100(xz)

10°(p) +10°(r - p~q) +10°(q)

10°(121,401) + 103(950,139 - 121,401 - 298,224) + 10°(298,224)
121,401,299,224

N < x S
I

= 654

|
Wz+xy)=r-p-g

p = wy
= XZ

ro= w+x)(y+2

32




Karatsuba Multiplication: Analysis

To multiply two N-digit integers:
. Add two N/2 digit integers.
. Multiply three N/2-digit integers.
. Subtract two N/2-digit integers, and shift to obtain result.

Karatsuba-Ofman (1962). p = wy wWz+xy)=r-p-g
. O(N1-585) bit operations. q = xz
ro= w+x)y+2)

ab = (10N 2w + x)(20N'?y + 2)

T(N) < T(v/20) + T(IN/20) + T(1+N/20) + O(N)

recursirle calls add, subf?act, shift

)

0 T(N)=oO(N'"°923

33




Matrix Multiplication

Given two N x N matrices A and B, compute C = AB.

N
Cij = Y @i by
k=1

Brute force: © (N3) time.
126 62 98
[ |
180 | 224 368 []

434 386 638H

10 2 4

[
6 8 10j

] X

H2 14 16H 6

7 13
9 15
11 174

Hcll
[1C21

o,y

[]
EPNl

Ci2 Ci3
Coo Cp3
C3p C33
Cn2 Cn3

Cin H Hall

Con [ (21

Can E = 5331
] 0 :

Cnn H EﬁNl

djp a3
dyy a3
dzp dzg
dyo  anaz

apy H

o [

az E X
]

ann H

Bbll

b1
s
] :

Ele

by H
by O
o

by B

Hard to imagine naive algorithm can be improved upon.
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Matrix Multiplication: Warmup

Warmup: divide-and-conquer.
Divide: partition A and B into N/2 x N/2 blocks.
. Conquer: multiply 8 N/2 x N/2 recursively.
. Combine: add appropriate products using 4 matrix additions.

11 G20 A1 A BB B Ciz = (A11%xB11)+(A12xBy)
%21 Coo E_ 521 A2 E%ﬂ B> E Ciz = (A11xBip)+ (A2 xByy)
Co1 = (Ax1%Bi1)+ (A xBy)

Coy = (Ap1xBip)+(Ax xBy;)

T(N= 8T(N/2) +  ©(N°) O T(N)=0O(N°)

recursive calls add, form submatrices

35




Matrix Multiplication: Idea

Idea: multiply 2 x 2 matrices with only 7 scalar multiplications.

J °H-H °HE 9H
i

ug e dogof hg

P = ax(g-h) r= FB+P-R+H
P, = (a+b)xh s = P+P
P; = (c+d)xe t = P3+Py
P, = dx(f-e) U = R+P-P-PR

P = (a+d)x(e+h)
Ps = (b-d)x(f+h)
P = (a-c)x(e+g)

. 7 multiplications.
. 18 =10 + 8 additions and subtractions.

Note: did not rely on commutativity of scalar multiplication.

36




Matrix Multiplication: Strassen

Generalize to matrices.
Divide: partition A and B into N/2 x N/2 blocks.
. Compute: 14 N/2 x N/2 matrices via 10 matrix add/subtract.
. Conquer: multiply 7 N/2 x N/2 recursively.
. Combine: 7 products into 4 terms using 8 matrix add/subtract.

%11 C12 Ez 511 A12 E%ﬂ B12%
21 C22 21 A2[0B21 B2

Analysis.
. Assume N is a power of 2.
. T(N) = # arithmetic operations.

T(N = 7T(N/2) + ©O(N?) O T(N)=0N°%")=0o(Nn>8h

recursive calls add, subtract

37




Beyond Strassen

Can you multiply two 2 x 2 matrices with only 7 scalar multiplications?
# Yes! Strassen (1969). O(N'°927y = o(N 281y

Can you multiply two 2 x 2 matrix with only 6 scalar multiplications?
# Impossible (Hopcroft and Kerr, 1971). G)(N'0926) _ O(N2'59)
Two 3 x 3 matrices with only 21 scalar multiplications?
# Also impossible. O(N'°9:2Yy = o(N 277y

Two 70 x 70 matrices with only 143,640 scalar multiplications?
Yes! :
# Yes! (Pan, 1980) O (N 10970143640y _ 5y 2.80
Decimal wars.
# December, 1979: O(N?°21813),
# January, 1980: O(N2>21801)

Coppersmith-Winograd (1987): O(N2379),

38




EUpeon A-ooTtoU MikpOTEPOU

procedure Selection (p, q, k);
begin
while p<q do
begin
choose t from [p..q]; partition (p, q, t);
if k<t then q:=t—1 else begin p:=t; k:=k—p+1 end
end
end

[ToAumtAokornra: O(nF°) xeiporepn, O(n) péon



BeATiwon TToAuttAokoTnTac

* Mg emiAoyh katdAAnAou onpeiou partition
+ Xwpiopdc¢ os n/5 akoAouBiec 5 oToixeiwyv

+ Tacivéunon badwv kai oxnuartiopoc M
amnéd Ta peoaia oroixeia: O(n)

» EUpeon Tou peaaiou m tng M: T(n/5)

+ TouAdxioTov 5 oToiXeia ueyaAUTepa Tou m
Kdl + OTOIXEid HIKPOTEPA TOU M



H péBGodoc axnuaTika



TToAutAokoTnTa BeATiwong

] d ,yan<i |
T{n) _{ TE)Y+T(E)+en ,yon>i }—O(n)

Osdhpnue 6.8.1. Ay toyver éut T(1) = d xat T(n) = T{an) + T(bn) + ¢cn
ue a+b < 1 tdre n ouvdptnon T'(n) elvar yoauuwxy, toyver SnAadh ot
T(n) = 0(n).



Greedy algorithms

« Ioea « FvworToi
« [Nopaodeiypara aAyopiBuol
= breakpoint = Dijkstra (single
selection source shortest
« activity selection E’a’thS)K
» Coin change " (I\Sllg'l") ruskal

= Minimizing lateness



H Texvikh Greedy (ATAnoTh)

function Greedy (a:set of elements) : solution;
var
x:item;
begin
solution:=empty;
for all elements of a do
begin
(x yofon twy xavévwy Bedtiotorolnons x)
x:=0OptSelectRemove(a);
(x Edeyyoc av mAnpolvtal ot meploptouol )
if feasible(solution+{z}) then solution:=solution+{z}
(x n Abon ucyaddyvetr xar eynUEpOYETAL N AYTIXELUEYLXY ouvdpTnon * )
end;
greedy:=solution
End



Selecting Breakpoints

Minimizing breakpoints.

. Truck driver going from Princeton to Palo Alto along
predetermined route.

Refueling stations at certain points along the way.
. Truck fuel capacity = C.

Greedy algorithm.
. Go as far as you can before refueling.

< C > < C > < C >

C >

7

Princeton

Palo Alto




Selecting Breakpoints: Greedy Algorithm

Greedy Breakpoint Selection Algorithm

Sort breakpoi nts by increasing val ue:
0 =Db, <b,<b, <... <h,.
S < {0} <:::S:breakpoints selected.
x =0
while (x # b,)
let p be largest integer such that b, < x + C
if (b, = x)
return "no solution"
X bp
S « S0 {p}
return S




Selecting Breakpoints

Theorem: greedy algorithm is optimal.

Proof (by contradiction):

. Let0=gy <g;< ...<g, =L denote set of breakpoints chosen by
greedy and assume it is not optimal.

. Let0=fy<f; < ...<f,=L denote set of breakpoints in optimal
solution with f, =94, f;=9,,...,f =g, for largest possible value of r.

. Note: g <p.

90 9, 9, 9,
Greedy: 1 2 3 4 I 6 819
opT: IR 2 345 6 [ 7 |
fo f, f, f, fy

r=4




Selecting Breakpoints

Theorem: greedy algorithm is optimal.

Proof (by contradiction):

. Let0=gy <g;< ...<g, =L denote set of breakpoints chosen by
greedy and assume it is not optimal.

. Let0=fy<f; < ...<f,=L denote set of breakpoints in optimal
solution with f, =94, f;=9,,...,f =g, for largest possible value of r.

. Note: g <p.

9o g, 9;
Greedy: 1 2 <! 4 5 “ 8 [9
OPT: 1 2 3 4 S 6 7 ]
f, f, f, fq




Selecting Breakpoints

Theorem: greedy algorithm is optimal.

Proof (by contradiction):

. Let0=gy <g;< ...<g, =L denote set of breakpoints chosen by
greedy and assume it is not optimal.

. Let0=fy<f; < ...<f,=L denote set of breakpoints in optimal
solution with f, =94, f;=9,,...,f =g, for largest possible value of r.

. Note: g <p.

. Thus, f5=00,1,=0;,...,1;=9,

gO gl g2 gq gp
Greedy: 1 2 3 4 3 6 |

OPT: 1 2 3 4 5




Activity Selection

Activity selection problem (CLR 17.1).

. Job requests 1, 2,

.., N,

. Jobjstarts ats ; and finishes atf ;.

. Two jobs compatible if they don't overlap.

. Goal: find maximum subset of mutually compatible jobs.

B

E

™~

G

» Time

11




Activity Selection: Greedy Algorithm

Greedy Activity Selection Algorithm

Sort jobs by increasing finish tinmes so that

<f.
<:::S = jobs selected.

¢
or j =1ton
f (Job j conpatible with A)

S -« SU{J}
=

return S




Activity Selection

Theorem: greedy algorithm is optimal.

Proof (by contradiction):

. Letg,, g, ...0,denote set of jobs selected by greedy and assume
it is not optimal.
. Letfy, f,, ... f, denote set of jobs selected by optimal solution with
fi =04 =0, ..., f =g, for largest possible value of r.
. Note: r <qg.
p=6
creecy: [ENEN NG BON BTG [
f1=0, f,=0, f3=0;
OPT B 557 17]21
r=3 q="7

10




Activity Selection

Theorem: greedy algorithm is optimal.

Proof (by contradiction):

. Letg,, g, ...0,denote set of jobs selected by greedy and assume
it is not optimal.
. Letfy, f,, ... f, denote set of jobs selected by optimal solution with
fi =04 =0, ..., f =g, for largest possible value of r.
. Note: r <qg.
p=6
creecy: [ENEN NG BON BTG [
f1=0, f,=0, f3=0;
OPT: B N | 55717 o
r=3 ﬁ q=7

Replace 11 with 9

11




Activity Selection

Theorem: greedy algorithm is optimal.

Proof (by contradiction):

. Letg,, g, ...0,denote set of jobs selected by greedy and assume
it is not optimal.
. Letfy, f,, ... f, denote set of jobs selected by optimal solution with
fi =04 =0, ..., f =g, for largest possible value of r.
. Note: r <qg.
p=6
creecy: [ENEN NG BON BTG [
f1=0, f,=0, f3=0;
OPT B B  [55707Bo
r=3 ﬁ q=7

Replace 11 with 9

12




Activity Selection

Theorem: greedy algorithm is optimal.

Proof (by contradiction):

. Letg,, g, ...0,denote set of jobs selected by greedy and assume
it is not optimal.
. Letfy, f,, ... f, denote set of jobs selected by optimal solution with
fi =04 =0, ..., f =g, for largest possible value of r.
. Note: r <qg.
p=6
creecy: [EEE NN BOE BTG [
f1=0, f,=0, f3=0;
OPT BEE B  [5500 7B
® - e

13




Making Change

Given currency denominations: 1, 5, 10, 25, 100, devise a method to
pay amount to customer using fewest number of coins.

Ex. 34¢.

At each iteration, add coin of the largest value that does not take
us past the amount to be paid.

Ex. $2.89.

Greedy algorithm.

14




Coin-Changing: Greedy Algorithm

Greedy Coin-Changing Algorithm

Sort coins denom nations by increasing val ue:
C, <C, < ...

<c,.
S < o <:::S = coins selected.

while (x # 0)
let p be largest integer such that c, < x
1t (p = 0)
return "no solution found"
X < X - Cp
S « S U {p}
return S

15




Is Greedy Optimal for Coin-Changing Problem?

Yes, for U.S. coinage: {c4, C,, C3, Cy4, C5 } ={1, 5, 10, 25, 100}.

Ad hoc proof.
. Consider optimal way to change amount ¢, <X <C,,; .

. Greedy takes coin k.

. Suppose optimal solution does not take coin k.

- it must take enough coins of type c,, C,, . .

Cy

Max # taken by

Max value of coins

optimal solution 1, 2,...,kinany OPT

., C,, to add up to x.

1 4 4
2 | 5 1 4+5=9
3 | 10 2 20 + 4 = 24

/]_
4 | 25 3 75+24=99 <
5 100 no limit no limit

2 dimes [
no nickels

16




Does Greedy Always Work?

US postal denominations: 1, 10, 21, 34, 70, 100, 350, 1225, 1500.
Ex. 140¢.
Greedy: 100, 34,1,1,1,1,1, 1.
Optimal: 70, 70.

| EXPLORING THE SOLAR SYSTERA

3 . I
Wveid ofteraiune 30,
< 0

e e e e e e o e i e e

b b b bk b b

‘‘‘‘‘

17




Characteristics of Greedy Algorithms

Greedy choice property.

. Globally optimal solution can be arrived at by making locally
optimal (greedy) choice.

. At each step, choose most "promising"” candidate, without
worrying whether it will prove to be a sound decision in long run.

Optimal substructure property.

. Optimal solution to the problem contains optimal solutions to sub-
problems.

— if best way to change 34¢ is {25, 5, 1, 1, 1, 1} then best way to
change 29¢ is {25, 1, 1, 1, 1}.

Objective function does not explicitly appear in greedy algorithm!

Hard, if not impossible, to precisely define "greedy algorithm."
. See matroids (CLR 17.4), greedoids for very general frameworks.

18




Minimizing Lateness

Minimizing lateness problem.
. Single resource can process one job at a time.
. njobs to be processed.
- Job j requires p; units of processing time.
- Job j has due date d;.
If we assign job j to start at time s;, it finishes at time f; = s; + p;.
Lateness: ;=max {0, f;-d;}.
. Goal: schedule all jobs to minimize maximum lateness L = max ¢;.

d=9 d=15 d=11

eteness 3~ BT [d=c ] ICECEE

d = O I=i:! d=2 d=6 d=11 d=9
o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15




Minimizing Lateness: Greedy Algorithm

Greedy Activity Selection Algorithm

Sort jobs by increasing deadline so that
d <d, < ..<d.
t=0
forj=1ton
Assign job jto interval [t, t + p il
S < tf j «_t+pj
t < t+p
output intervals [s EREN

max lateness = 2 -——w

2 3 4 5 6 7 8 9 10 11 12 13 14 15

20




Minimizing Lateness: No Idle Time

Fact 1: there exists an optimal schedule with no idle time.

o 1 2 3 4 5 6 7 8 9 10 11

d=4 d=6 d=12
o 1 2 3 4 S5 6 7 8 9 10 11

Fact 2: the greedy schedule has no idle time.

21




Minimizing Lateness: Inversions

An inversion in schedule S is a pair of jobs i and j such that:

. 1<
. j scheduled beforei inversion
KTy
d5:8 d2:4

Fact 3: greedy schedule < no inversions.

Fact 4. if aschedule (with no idle time) has an inversion, it has one
whose with a pair of inverted jobs scheduled consecutively.

22




Minimizing Lateness: Inversions

An inversion in schedule S is a pair of jobs i and j such that:

. 1<
. j scheduled beforei inversion
KTy
d5:8 d2:4
d,=4 d.=8

Fact 3: greedy schedule < no inversions.

Fact 4. if aschedule (with no idle time) has an inversion, it has one
whose with a pair of inverted jobs scheduled consecutively.

Fact 5: swapping two adjacent, inverted jobs:
Reduces the number of inversions by one.
Does not increase the maximum lateness.

Theorem: greedy schedule is optimal.

23




Minimizing Lateness: Proof of Fact 5

An inversion in schedule S is a pair of jobs i and j such that:

. 1<
. j scheduled beforei f
i
fr

]

Swapping two adjacent, inverted jobs does not increase max lateness.

. O =( forallk #1, ]

Ll

. Ifjobjis late: f'j — fj'—dj (definition)
= f; —d, (jfinishesat time f,)
< f.-d (i<j)
< 7 (definition)
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TTpopAnua 2uvrtopdTepwyv MovomaTiwy
(Single Source Shortest Paths)




TTapadeiyua (pe Prim)
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Pynamic programming

0@ * [F'VwoTol aAyopIOuol

[Napaoeiyuama (1) Kall TieoSAQUATO

« Weighted activity = Floyd (all pairs
selection shortest paths)

Optimal substructure = Travelling salesman

[Hapaoeiyuama (1)

= Mmatrix.chain
multiplication

= Knapsack

= longest.common
subsequence



Weighted Activity Selection

Weighted activity selection problem (generalization of CLR 17.1).
. Jobrequests 1, 2, ..., N.
. Jobjstartsats ;, finishes atf ;, and has weightw ;.
. Two jobs compatible if they don't overlap.
. Goal: find maximum weight subset of mutually compatible jobs.

B

E

™~

G

» Time




Activity Selection: Greedy Algorithm

Recall greedy algorithm works if all weights are 1.

Greedy Activity Selection Algorithm

Sort jobs by increasing finish tinmes so that
f,<f, < ...

< fy
= ¢ <:::S:jobs selected.
OR] =1to N
| F (job j conpatible with A)
S

« S UO{j}
RETURN S

S
F

[

=




Weighted Activity Selection

Notation.

. Label jobs by finishing time: f; < f, <...<f.

. Define g; = largest index | <j such that job i is compatible with .

_q7:3’q2:O

1

4
7

» Time

10

11




Weighted Activity Selection: Structure

Let OPT(j) = value of optimal solution to the problem consisting of

job requests {1, 2,...,j}.
. Case 1. OPT selects job j.
- can’t use incompatible jobs {q; +1,q;+2,...,]-1}
-~ must include optimal solution to problem consisting of
remaining compatible jobs { 1,2, ..., q;}

. Case 2: OPT does not select job j.

- must include optimal solution to problem consisting of
remaining compatiblejobs {1,2,..., -1}

if =0
OPT(])= Emax w; +OPT(q;), OPT (] - 1)} otherwise




Weighted Activity Selection: Brute Force

Recursive Activity Selection
INPUT: N, sq,..8y Foof o w,wy

Sort jobs by increasing finish times so that
f,<sf, < ... <1y

Computeq ,q , ,..., 0 N

r-compute(j) {
IF (j=0)
RETURNO
ELSE

return max(w +r-compute(q ), r-compute(j-1))

J




Dynamic Programming Subproblems

Spectacularly redundant subproblems [0 exponential algorithms.

1,2,3,4,5,6,7,8

1, 2,3,4,5,6,7

1,2,3,4

Lx

1, 2,3,4,5,6




Divide-and-Conquer Subproblems

Independent subproblems [ efficient algorithms.

1,2,3,4,5,6,7,8




Weighted Activity Selection: Memoization

Memoized Activity Selection
INPUT: N, s,,....8 . fo.f N W W

Sort jobs by increasing finish times so that
f,<f, < ... < fg

Computeq ,q , ,..., 0 N
Global array OPTIO0..N]
FOR|j=0toN

OPTJj] = "empty"

mcompute()) {

IF (j = 0)

OPT[0] =0
ELSE IF (OPT[j] = "empty")

OPT[]=  max(w; +m-compute(q ;), m-compute(j-1))
RETURNOPTIj]




Weighted Activity Selection: Running Time

Claim: memoized version of algorithm takes O(N log N) time.
. Ordering by finish time: O(N log N).
. Computing g;: O(N log N) via binary search.

. mconpute(j): each invocation takes O(1) time and either
— (1) returns an existing value of OPT[ ]
— (it) fills in one new entry of OPT[ ] and makes two recursive calls

. Progress measure ® = # nonempty entries of OPT[ ] .
# Initially ® =0, throughout ® < N.

# (ii)increases ® by 1 [0 at most 2N recursive calls.

. Overall running time of m conput e( N) is O(N).

10




Weighted Activity Selection: Finding a Solution

m conput e( N) determines value of optimal solution.
. Modify to obtain optimal solution itself.

Finding an Optimal Set of Activities

ARRAY: COPT[ 0. . N
Run m conput e( N)

find-sol (j) {

I'F () =0)
out put not hi ng

ELSE | F (w + OPT[q;] > OPT[j-1])
print j
find-sol (q;)

ELSE
find-sol (j-1)

. #ofrecursivecalls<N O O(N).




Weighted Activity Selection: Bottom-Up

Unwind recursion in memoized algorithm.

Bottom-Up Activity Selection

INPUT: N, s,,....8 . fo.f N W W

Sort jobs by increasing finish times so that
f,<sf,< ... <fg

Computeq ,,q , ,..., 0 N

ARRAY OPTI[0..N]
OPT[0] =0

FORj=1toN

OPT[j] =max(w ; +OPTI[q ], OPT[j-1])

J

12




Dynamic Programming Overview

Dynamic programming.
. Similar to divide-and-conquer.
- solves problem by combining solution to sub-problems
Different from divide-and-conquer.
— sub-problems are not independent
- save solutions to repeated sub-problems in table

Recipe.
. Characterize structure of problem.
— optimal substructure property
Recursively define value of optimal solution.
. Compute value of optimal solution.
. Construct optimal solution from computed information.

Top-down vs. bottom-up.
Different people have different intuitions.
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[10TE yTTOPOUME VA XPNOIYOTTOINCOUUE TNV TEXVIKN
Tou Auvauikou lNpoypauuaTioyou;

® To npdPAnua Tpémel va Exel OVO 1O10TNTEG:
® Optimal substructure: Omoladnmote vTaKoAoLOia TNG

BeAtiotnc akoAovBiac amopdcemy eivan BEATIOT Yo TO
AVTIGTOLYO VTOTTPOPAN LA

® Overlapping subproblems: Kdmowo pikpotepa
GTIYULOTLTOL TOV TTPOPANUOTOS ETIAVOVTUL OTTO LU0
AVOOPOULKT] AVGT TOL TTPOPANUATOC TTOAALEC POPEC..




TTapadeiyua

2. UVTOHOTEPA HovoTiaTId:
AV V->Wi v, ..., U, .., W GUVTOHOTEPO
TOTE KAl U->W: U,..., W OUVTOHOTEPO

Avadpopikh oxéon «mpoc Ta eumpoc» (forward):

MinPathCosty s, = ” dmint t (Cost(u, k) + MinPathCosty_,.,)
aaiaceft 0 U

Avadpolikn axéon «mpoc Ta miow» (backward):

MinPathCost, .., = min (MinPathCost, i, + Cost{k, w))
vk adjacent 1o w



Matrix-Chain Multiplication

Aivetar o akorovbio mvakov 4,, 4,, ..., A , BeAovpe va
VTTOAOYIGOVE TO YIVOUEVO TOVLC

A, Ay ...- A
BdaCovue mapevOeselc kol vtoloyiCovue Tao YIVOUEVA Ot
Cevyapilo TvAK®V:

Ay Ay Ay A=A, - (dy-A43) - 4,




KOOoTOC TOU TTOAAATTAQCIOCOU QUO TTIVAOKWYV

Atvetan evac mivakac p X g A kol Evog mivakoc g X r B, 10
YIVOULEVO TOVC Elvall VoG Tivakac p X r C TOL TPOKVTTEL MG

eqNg:

Cij= ZA B,
k_

To kO66TOC LVTOAOYIGLOV TOL Tivaka C glvon p * g * r.




KOOTOC TOU TTOAAATTAQCIOCUOU TRIWV TTIVAKWV

Alvovton TPELS TIVOKEG:
A pxq
B gxr
Crxs

Yrapyovv 2 tpomorytt0 4 - B - C:

(A4-B)-C
Kooctoc:p-q-r+p-r-s=p-r-(q+s).

A-(B-C)
Kooctoc:qg-r-s+p-qg-s=(p+r)-q-s.




[Mapadelyua

AlvovTUl TPELS TVOKEG:
A 10 x 100
B 100 x5
C 5x50
(A-B):-C xoctoc: 7500
10 -100 -5=5000
10 -5 -50=2500
A - (B - C)«octoc: 75000
100-5 -50=25000
10 -100 -50=50000




[1epIOCOTEPOI TTIVOKEC, TTEPIOCOTEPOI TPOTTOI VA
BAAEIC TTOPEVOETEIC

[o mopdoerypa yio 4 tivakeg vdpyovv ol EENG TPOTOL VL
Barerc mapevOEoelc:
(Al ' (Az ' (A3 'A4)))
(A1 ' ((A2 'A3) ' A4))
((Al ' Az) ' (A3 ' A4))
((Al ' (A2 °A3)) ' A4)
(((Al ' Az) ' A3) ' A4)

To KO6GTOC TOV VTOAOYIGLOV TOV YIVOUEVOL TOV TIVOK®V
eCoptdTol oo Tov TPOTo oL PACovue TIC TapevOEGELC.




EUpeon BEATIOTN BEon TTapevOETEWY

[Toleg emhoyec Oa kdvooue Yo va Bpooue tn BEon Tov
nopevOEGE®V

[Tola eival n apyikn €AY TOL TPETEL VOL KAVOL LE TPV
KAVOUUE AALEC EMAOYEG;




‘Exel To Matrix-Chain Multiplication
Optimal Substructure;

‘Eotm o otvetar po BEATIoT) TomofEétnon Tov tapeviEcemy
ywtoAd, -4, ... A «al Ot 1oVl

A, Ay .- A) (A, -4 “A4),

k+2 o
T1L UTOPOVE VA, TTOD Y10 TOV TPOTO OV £Y0LV ToToDETNOEL 1
TOPEVOEGEIC TV YIVOUEV®V

Al-Az-...-AkKouA A - A

k+1 “Pk+2 0 Ay




AvadpouIKN 2XEaN

‘Eoto d, d,, ..., d 010100T06€1S TV TIVAK®V; ONAOT

0 mivoKog A, £xel owotaceg d, | X d..
‘Eoto ((i, j) T0 k06T0¢ (o PEATIOTNC TOTOOETNONG

TOPEVOEGEDY TOL YIVOUEVOL A, - 4., | - ... -Aj.

0 ifi=y
Cliod) = § min (dio1ded; +Cli,K) +Clk+1, /) ifi<j

1<k<j




The Algorithm

Optimal-Parenthesization(d, n)

1 fori=1..n

2 do C[i,i] <0

3 fori=1.n—-1

4 doforj=1.n—1i

5 do C[j,j+i] « =

6 fork=j.j+i—-1

7 doc<—d[i—1]-dlk]-d[j+i]+C[j,k]+Clk+1,j+1i]
8 ifc<C(lj,j+i]

9 then C[j,j +i] <« c

10 return C[1, n]




Computing a Solution, Not Only Its Cost

Optimal-Parenthesization(d, n)

1 fori=1..n

2 do C[i,i] <0

3 fori=1..n—1

4 doforj=1.n—1

5 do C[j,j+i] « =

6 fork=j.j+i—-1

7 doc<—d[i—1]-dlk]-d[j+i]+C[j,k]+Clk+1,j+1i]
8 if c<Cl[j,j+i]

9 then C[j,j +i] <« c

10 S[j,j+i]l<—k




Computing a Solution, Not Only Its Cost

Extract-Parenthesization(i, j)

if i=j

then print “A4.”

else print “(”
Extract-Parenthesization(i, S[i, j])
print « -

Extract-Parenthesization(S[Z, /] + 1, /)

N N O A W N =

print 66)’9




Complexity of the Algorithm

O aAyopiBuoc yio to TpoPAnua matrix-chain multiplication
amAQ YEUCEL Evav TivoKd.

Xpovikn mtoAvmaokotnta O(n’).
Ytnv wpayuotikotnTo Q(nd).

Xopikn wolvmrokotnto: O(n?) yio aodnkevon twv C ko s.




Knapsack problem.

. Given N objects and a "knapsack."

Knapsack Problem

Item i weighs w; >0 Newtons and has value v;> 0.

Knapsack can carry weight up to W Newtons.

. Goal: fill knapsack so as to maximize total value.

ltem Value

1

1

Weight

1

6

V. [ W,

18

22

G|l |wWw|N

28

N[OOI

W =

11

Greedy =35: {5,2,1}

OPT value =40: { 3,4}
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Knapsack Problem: Structure

OPT(n, w) = max profit subset of items {1, ..., n} with weight limit w.
. Case 1l: OPT selects item n.
- new weight limit =w —w/_,

— OPT selects best of {1, 2, ..., n — 1} using this new weight limit
. Case 2: OPT does not select item n.
— OPT selects best of {1, 2, ..., n — 1} using weight limit w
00 if n=0
OPT(n,W)=%)PT(n—1,W) If w,>w

Hnax{OPT(n-1,w), v, + OPT(n-1w-w,)} otherwise

New dynamic programming technique.

. Knapsack: adding a new variable.

20




Knapsack Problem: Bottom-Up

Bottom-Up Knapsack

| NPUT: N, W w,..., Wy ViV
ARRAY OPT[O..N, 0..W]

FORw=0toW
OPT[O,w] =0

FORN=1toN
FORw=1toW
IF (w, >w)
OPT[n, w] = OPT[n-1, w]
ELSE

OPT[n, w] = max {OPT[n-1, w], v + OPT[n-1, w-w

n

RETURNOPTI[N, W]

o 1}
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Knapsack Algorithm

WeightLimit 0 1 2 3 4 5 6 7 8 9
0 M o|o|lolololo]lo]lo]lo]o]o
(1 o EREREREREE R
{1, 2) W 16|77 |77 7]7]7]7]7
(1,23 [o[1]e6][7]7 [N 19]24]25]25]25]05
(1.2,3,4 |o|1]6]7]7]|18]22]24]28]29]29
i1.2,345 | 0] 16|77 [18]22]28]29]34]35 P

ltem Value  Weight

1 1 1
2 6 2
3 8 5
4 22 6
5 28 7

22




Knapsack Problem: Running Time

Knapsack algorithm runs in time O(NW).
Not polynomial in input size!
. "Pseudo-polynomial."
Decision version of Knapsack is "NP-complete."
. Optimization version is "NP-hard."

Knapsack approximation algorithm.

. There exists a polynomial algorithm that produces a feasible
solution that has value within 0.01% of optimum.

. Stay tuned.
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Longest Common Subsequence

Monkey DNA=ACC-G Al /A ACC A TT =S,
Your DNA= TAcC C TTTAATATC =S,
= 83

1=0or j=0: ?
LCS(X;,Y,)=1i=j: LCS(X. .Y,

i % j: max(LCS(X,,Y,,),LCS(X,,,Y,)



Longest Common Subsequence

S[jlk] = the length of the longest common substring
of strings u[l..j] and v[1..K]

LONGEST-COMMON-SUBSEQUENCE(u,Vv)
. Init S[j]1[k] to O for every j=0,..,|u]
and every k=0,..,|Vv]
. for jJ=1 to |Ju] do
for k=1 to |v] do

Sp1Lk] = max{ SpJ-11[k]1, SO31[k-1] }
if (u[j] = v[k]) then

. S[iTIk] = S[i-11[k-1]+1

. RETURN S[Iul1LIVI]




All Pairs Shortest Paths

Eicodoc: Mpdyoc G(V,E) pe n koppoucg Kai
BPdpn oc KAOe TAcupad u->w, C[u,w].

E€odoc: ouvTopdTEPO HOVOTIATI Vi KAOE
(elyoC KOUPwv.

AoxiIkorroinon.

0 =7
Ali,jl= 1 Cli,jl ,i# j&(,5) € E
o0 , LAALOC



AvadpoUIKh oxéon

A*li 4] = min(A* i, 5], A% 4, k] + A%k, )




AAyopi1Buo¢ Floyd

procedure AllShortestPaths (...);
begin
for i:=1 to n do
for j:=1 to n do A[i,j]:=Cost[i,jl;
for k:=1 to n do
for i:=1 ton do
for j:=1 to n do
Ali,jl:= min(Ali,j], Afi,k]+Alk,j])
end



10 0 6 13
6 0

4

At =

10 0 6 13
0




TTpopAnua TTAavodiou TTwAnTA
(Traveling Salesman Problem - TSP)

Eioodog: TIAMRpNnG ypdpog pe Pdpn.
Eéodo¢: KUKAOC eAaxioTou KOOTOUC TTOU
Tepvdael amo 0Aouc Touc koppouc 1 popa.

Apxnh peATioToTnTac:

MinCostTouri_,; = 1}01721{0057:[1, k] + MinCostToury 1}



AVAOPOUIKEC 2 XEOEIC

g(i,S) : KOOTOG CUVTOUOTEPOU HovoTraTioU
amo Tov i oTov 1 Tou Trepva amod 6Aouc
Toug Koppoucg Tou S.

g(1,V — {1}) = min {cost[1,k]+ g(k,V — {1,k}D}

g(1,5) = min{costli, j] +9(j, 5 — {7 1)}

g(i,®) = costli, 1].
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