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>X0AN HAekTpoAOYWV Mnxavikwv
Kal Mnxavikwv YNoAoyloTwV

EBviko MeTooBio MoAuTtexveio




>uvTopOoTEPN Aladpoun

O KaTteuBuvopevo G(V, E, w) pe unkn w : £ — IR
B MnAkoc 81adpopns p = (vo, vy, ..., ) s w(p) = X8 w(v;_1,v;)
B Anoortaon d(u, v): uNkKoc cuvTodoTepNC U — v d1adpopnc.
B Av dsv undapyel u — v diadpopn, d(u, v) = .

O ZnToUPEVO: anooTAoEIC KAl OUVTOUOTEPEC O1adPOUEC ano
apyikn Kopu@n s Npoc OAEC TIC KOPUPEC.
B OcueAindec npoBAnua ouvduaoTikNG BeATIOTONOINONC.
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KukAol ApvnTiKoUu MNkKouc

O Aiadpopn: akoA. Kopupwv 0nou d1adoxXIKEC OUVOEOVTAl JE aKuD.
O MovokovOuAia: diadpopn Xxwpic enavalapBavouevec akpec.
O (AnAoO) povonaTi: diadpoun Xwpic enavaiauBavoueveC KOPUPEC.
B Ynapyxel diadpopn u — v avv unapxel povonarTi u — V.
O >uvTtopoTepn O1adpopn €ival HOVOMATI EKTOC AV...
B Ynapxel KUKAOC apvnTikou pnkouc!
B  Anootdoceic 0gv opifovTal YIAaTi CUVOAIKO UNKOC d1adpoung
MOOPEl va PJeEIwVETAl en’ aneipo!
B KUKAOC apvnTIKOU PJAKOUC
o€ Kanola u — v d1adpopn
= d(u, v) = —o.
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>uvTopoTeEpa MovonaTia

O Avp = (v, Vq, ..., Vi) EIVAl CUVTOPOTEPO POVONATI, KABE
V; = V; TUNHA TOU AnOTEAEI GUVTONOTEPO V; — V; Hovondarl.
B Apxn BeATioToTnTaC.

0 >uvTopOTEpPA PoOvOoMnaTIia ano S NPOC OAEC TIC KOPUPEC:
AevTpo ZuvTopoTEpWY MovonaTiov (SPT, AZM).
B Av QUVTOMOTEPA S — V,; KAl S = V, JOVONATIA £X0UV KOIVN
Kopu®pn u, xpnoiponoiouv (i010) CUVTOUOTEPO S — U HOVONATI.
B A>M avanapiorartal he
nivaka yovemv.
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>uvTopoTeEpa MovonaTia

O TauTiletal AZM pe EZA;

O 'EoTw ocuvTtouoTeEpa povonartia ano s o G(V, E, w).
B Ti oupPaivel og G(V, E, kw), k > 0;
B Ti oupPaivel og G(V, E, kw), k < 0;
B T oupBaivel og G(V, E, w+k), k > 0;
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ANOOTACEIC

[0 AROCTAOCEIC IKAVOMNOIOUV TNV «TPIYWVIKI aVIoOTNTAa» :
V(v,u) € E, d(s,u) < d(s,v) + w(v, u)
Vo,u €V, d(s,u) <d(s,v)+ d(v,u)

B [ooTnTa IOXUElI avVv OUVT. S — U JovonaTl neplexel akun (v, u)
(avTioToIxa, SIEPXETAl ANO KopuPpn V).
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YNoAOVYIOUOC
>uvTopoTEPpWYV MovonaTiwyv

O Aiatnpoupe «analolodo&n» ektipnon D[u] yia d(s, u).
B Apxika: D[s| =0 xno Dju] =00 Yu eV \ {s}
pluj=NulL YueV
B AAyOpiBuoc e€stalel akpéc (v, u) kal avanpooappolel D[u].
Av D{u] > D|v] + w(v, u), t6te D|u| < Dv| 4+ w(v, u)
pluj < v
O D[u] = NNKOC CUVTOMOTEPOU YVWOTOU S — U JovonaTiou.
B Enaywyikd: av IoxUel nplv TeEAeuTaia e€etaon akunc (v, u),
loxUel kal geta agou Dfu| + min{Dlu]|, D[v] + w(v,u)}
m avra Dfu] > d(s,u), #ow D[u] = co av #s — u povondr.
B 'OTav aKPEC OUVTOUOTEPOU S — V JovonaT. €EEETA0TOUV PE TN
osipa, yiveral D[u] = d(s, u) kal dgv YEIWVETAl OTO HEAAOV.

O >uoTnuaTikn €€€Ta0N AKUWV KAl KPITHPIO TEPUATIOUOU.
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AAyopi8uoc Bellman-Ford

O Id€a: dokiun oAwv TwV akpwyv o€ kabe nibavn B€on yia
OUVTOMOTEPO S — U povonaTi (TauTtoxpova yia OAeC TIC u).

D(u, i) = NNKOC OUVTOUOTEPOU S — U HJOVON. PE < i aKMEC.
Apxika D(s, 0) = 0 kai D(u, 0) = « yia kabe u # s.
Ano >M pue < i akPeg o€ ZM pe < i+1 akuec:

D(u,i+ 1) = min{D(u,1), min {D(v,i) + w(v,u)}}

vi(v,u)eE

(AnAo) povonaTi €xel < n - 1 akpec = D(u, n-1) = d(s, u)
D(u, n) < D(u, n-1) avv KUKAOC apvnTIKOU HUNKOUC.
YnoAoyiopoc Tijwv D(u, i),
ueV,i=1, .., n, UE
SUVapIKO
NPOYPAHHATICHO.
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AAy. Bellman-Ford: YAonoinon

O <«Anaioiodogn» Bellman-Ford(G(V, E, w), 5)
ekTipnon D[u]. for allu € V do
B Teloc kabe pdaonc i, Dlu] + oo; plu] < NULL;
D[u] < D[u, i] D|s] < 0;
O Zeo@doni=1,.. n-1, fors < 1ton—1do
k&Be akpn e€eTaleTal for all (v,u) € E do

if D{u| > D[v| + w(v,u) then

s Dlu] < D[v] + w(v, u);
O EninAeov ¢aon yia plu] — v;

eAEYX0 UNap&ng KUKAouU for all (v,u) € F do

apvnTikou HNKoG. if D[u] > D[v] + w(v, u) then

O Xpdvoc ekTéleonc O(nm). return(NEG-CYCLE);
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AAy. Bellman-Ford: Mapadeiyua
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AAy. Bellman-Ford: OpBoTtnTa

O Av OxI KUKAOC apvnTikou pnkouc, D[u] = d(s, u) ato TeAocC.

>UVTOHPOTEPO S — U JOVONATI S = V,, Vy, ..., V, = U JE k akpeg.
Enaywyikn unoB.: Tehog @aong i-1, D[v_,] = d(s, v_,).
TeAog @aong i: e§eTaon akung (v, v;) kai D[v,] = d(s, v,):

d(s,v;) < D[v;] < D[v;_1] + w(vi_1,v;)

= d(s,v;_1) + w(v;_1,v;) = d(s,v;)

TeAoc @aonc n — 1: D[u] = d(s, u) yia kaBe kopuPn Uu.
D[u] dev peiwveTal aAlo, apou navrta D[u] = d(s, u).
AAYOpIBOC OEV ENIOTPEPEI
evOEIEN YIa KUKAO apvnTIKOU
UNKOUC.
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AAy. Bellman-Ford: OpBoTtnTa

0 Av KUKAOC apvnTIKOU JNKouc, evOel&n oTo TEAOC.

B 'EoTw KUKAOG apvnTIKOU PNKOUG V,, Vy, ..., Vi1, V, (= V,)
npooneAAacipyoc ano s.

B ExkTipnoeig D[v,] nenepacpeveg oTo TEAOG paong n-1.

N A\{ OxI év6£|£r'], npenel oTn D[v;] < D[v;_1] + w(v;_1,v;)
(pacon n yia kabe v, aTov KUKAO: =

B AOpoilovTac KaTa PeAN:
k k k k
Y Dly;] <> Dy 1]+ ) w(vi,v) = > w(vi1,v;) >0
i=1 i=1 i=1 i=1

B ‘Atono! Apa o aAyopiOpoc
ENIOTPEPEI eVOEIEN VIa
KUKAO apvnTIKOU WNKOUC.
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>uvTtopoTepa MovonaTtia o DAG

O

>e DAG, ocipa supavionc Kopupwyv o€ kabe povondari
(apa kai AZM) akoAouBei TonoAoyikn diataén!

B 'EoTtw TonoAoyikn d1atagn s = vy, Vo, ..., V,, .

B d(s, v,) €EapTaTal povo 4 _ : Ils v, |

Kopu®pec evracoovTal oto AZM pe ogipa TonoAoy. 01aTA&NC

kKal e€eTalovTal eEEPXOUEVEC AKHEC TOUC (Hia popd kaBe akun!).

B OpBoTnTa pe enaywyn (napopola pe Bellman-Ford).

B Enaywyikn unoB.: akpifwg npiv Tnv evraén Tou v, oTo AZM,
loxuel oTi D[v;]=d(s,v;) yia kabe j = 0O, ..., k.

B AkpiBwg npiv evraén v, ., oro AxM, D[v,,,]=d(s,v,, ;) apou

Dlvgyr] =  min _ {D{v;] + w(vj, vet1)}

vj:(vj,vp41)EE
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[Napadeiyua
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[Napadeiyua
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>uvTtopoTepa MovonaTtia o DAG

ShortestPath-DAG(G(V, E, w), v;)
“Eoto tomoloyury] OLdToEn vy, Vs, - - -, Uy}
for j < 1tondo
D|v;] + o0; plv;] < NULL;
0 Xpovoc ekTeAeonc: D[v] + 0;
YPAUMIKOC, O(n+m) for < 1ton—1do
for all (v;,v;) € E do
if D{v;| > D|v;] + w(v;,v;) then
Dlu;| < Dlv;] + w(v;, vi);
plui| < vj;

O Xpnoigonolgital kai
y1a UnoAoyIoho
LAKPUTEPWV HovomnaTiwy.
B Av G(V, E, w) akukAIKoO,
P HAOKPUTEPO S — U PJOVONATI
avv p OUVTOMOTEPN S — U
diadpoun oto G(V, E, —w).
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>uvTopoTEPA MovonaTia yia
'OAa Ta Zeuyn Kopupwv

O YnoAoyiopoc anootaonc d(v, u) KAl CUVTOUOTEPOU V — U
povonarTiou yia kaBe Ceuyoc (v, u) € V x V.
0 AAyopiBuoc via M ano pia kopu@n yia kabe s € V.
B ApvnTika pnkn: Bellman-Ford o€ xpovo ©(n2 m).
B  Mn-apvnTtika pnkn: Dijkstra oe xpovo ©(n m + n2logn).
O Apvntika pnkn: Floyd-Warshall og xpovo ©(n3).
O Avanapaoracn Auonc:
B Anootdosic: nivakac D[1..n][1..n]
B >uvTouOTEPa povonaTia: n AZM, eva yia kabe apyikn Kopupn.
O Mivakac P[1..n][1..n]: n nivakec npoyovwyv.
O [pappun Pli]: nivakag npoyovwv AZM(v,).
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AAyopi18uoc Floyd-Warshall

0 Oewpoupe ypapnua G(V, E, w) ge ynkn OTIC AKUEC.
B KaBopiopevn (auBaipeTn) apiBunon KOpuPwWV V4, V,, ..., V
O Avanapaoracn ypa@nuaTtoc JE nivaka yeiTviaonc:

nl

’0 v; — 'Uj
w(vi,v;) = { w(vi,v;) vi #v; (v,v) €E
== 1),775'1)_7- (Uiavj) ¢ E

O YnoAoylopdg andoraong d(v;, v;) anoé d(v,, v,), d(v,, v;)
yia 0Aa 1a k € V \ {v;, v;}:
d(via vj) — min{'w('u,;, vj)a min {d(via vk) + d(vka vj)}}
v €V \{v;i,v;}
B ®auAog KUKAOG(;): d(v;, v, ) = d(v;, v;) kai d(v;, v;) - d(v;, v, )
B AUVAUIKOC NPOYPAHHATIOHOG: UNOAOYIONOC OAWV
HE ouoTNUATIKO bottom-up Tpono!
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AAyopi18uoc Floyd-Warshall

O D,[v;, v;]: HNKOG CUVTOHUOTEPOU V; — V; HOVONATIOU HE
evOIANETEC KOPUPEC Povo ano V, = {Vvy, ..., Vi }
B Apxika Dolv;, vi] = w(v,, v;) yiati V, = .
B ‘EoTtw OTI yvwpitoupe D, _4[v;, v;] yia OAa Ta Geuyn v, v;.
®m D,[v;, v;] digpxeral ano v, kapia n yia gopa (povonati!):

Dy|v;, v;] = min{ Dy_1|v;, v;], Dg_1]v;, ] + Di—1|Vk, v;]}

B Avadpopikn oxeon yia Dy, Dy, ..., D, :
wlv;, v; k
Dy |v;, v;] = { (v, v7) I

0
min{ Dy_1|v;, V5|, De—1|vi, v&| + De—1|vk, v;]} 1
B YnoAoylopog D, gjE SUVAHIKO NPOYPAHHATIOHO.
B KukAog apvnTtikou pnkoug av D [v, v.] < 0.

yeunyTl
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AAyopi18uoc Floyd-Warshall

O Tunikog duVapIKOG Xpovoc: O(n3)
NpoOyPANUATIOHOC:
Floyd-Warshall(G(V, E, w))
for: < 1 ton do
for 1 — 1tondo
if ('Ui,'Uj) € E then Do[z,j] — QU(U,;,’UJ');
else Dyli, 7] < oo;
Dyli, 1] < 0;
for kK < 1tondo
forz < 1tondo
for 1 +— 1tondo
if Dy_1[t, j] > Dg_1li, k] + Dy—_1[k, j| then
Dk[éaj] = Dk—l[z': k] + Dk—l[k:j];
else Di[i, 7] + Di_1l[¢, 7];
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YNoAOVYIOUOC
>uvTopoTEPpWYV MovonaTiwyv

O

O

O

Plv, - 1: AZM(v,) hE evOIAUETEC KOPUPEC HOVO ano V, .
B Anooctaocesig D, [v, - ] avTioToixouv o€ povonaTtia P, [v,, - ].
m P[v, v;]: nponyoupevn KOpUPn TNG V; OTO CUVTOHOTEPO

V; = V; HovonarTi Pe eVOIAUETEG KOPUPEG HOVO ano V, .
P, kaBopileral and Pyjus, v7] = {NULL avi=j1 (v;,v;) € E
nivaka yeirviaonc: = v; duapopetind,
Avadpopikn oxeon via Py, Py, ..., P, :

= {Pk—l['via'vj] Dy—1[vi,v;] < Dg—1]vi, ve] + Di—1[vi, vj]

Pi_1[vk,v;] Dg_1[vi,vj] > Dg_1[vs, vg] + Dy_1[vg, v;]

B YnoAoylopog P, TautOxpova Pe unoAoyiopo D, .
B FEukoAn Tpononoinon nponyoupevnc uAonoinonc.
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AAyopi18puoc Johnson

0 >uvTopoOTeEpa povonaTia yia oAa 1a (euyn Kopupwy
O€ apaila ypa@nuaTta Je apvnTika unkn:
B MeTaTponn apvnTIK®OV UNKWV S BN apVvNTIKA XWPIC
va aAAa&ouv Ta cuvToNOTEPA PovondaTid.
O AAyopiBuoc via ypapnua G(V, E, w):
B NeEa kopupn s Nou ouvOoeeTal JE KABe U € V JE
akun pndevikou pnkouc: G'(V u {s}, E u {(s, u)}, w).
B Bellman-Ford yia G’ ye apxikn Kopu®n s.
'EoTtw h(u) anoéoTaon kopupnc u € V ano s.
B Av OXI KUKAOC apvnTIKOU PNKOUC, UNOAOYICE vVEQ
(Mn apvnTika) pnkN: (v, u) = w(v,u) + h{v) — h(u), V(v,u) € E
B Ta kaBe u e V, Dijkstra oe G(V, E,w) Pe apyikn Kopun U.
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AAyopi18puoc Johnson

O Xpovikn noAunAokoTnTa:
B Bellman-Ford kail n gopec Dijkstra: ©(nm + n2logn).

O OpbortnTa:
B Ne&a unkn pn apvnTika: h(:) anooTtaocsic ano s, kai IoXUEl OTI

Y(v,u) € E, h(u) < h(v) + w(v,u) = w(v,u) >0

B  MeTtaBoAn ora pnkn dev ennpealel CUVTOUOTEPA PJovonaTid.
B  Mnkoc kaOe a - B povonaTtiou petaBaAAeral kata h(B) - h(a).
B ‘Eotw p=(a = vy, Vy ..., vV, = B) onoiodnnote a - B povonari.

(p) = Z (v, i) = g[w(v,-, vis1) + h(vs) — h(vi)]

k—1

= > _ w(vi, viy1) + h(vo) — h(vk) = £(p) + h(a) — h(B)

1=0
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>uvoyn

0 >uvTopOTEpa povonaTia ano pia apyikn Kopudn s:
B ApvnTtika pnkn: Bellman-Ford o€ xpovo ©(n m).
O Auvapikoc npoypapupaTionoc.
B DAGs ye apvnTika gnkn g xpovo O(m + n).
B  Mn-apvnTika pnkn: Dijkstra oe xpovo ©(m + nlogn).
O (MpoocappooTikoc) anAnoToc aAyopibpoc.
0 >uvTopOTEpa povonaTia yia oAa 1a (euyn Kopupwv:
B ApvnTtika pnkn: Floyd-Warshall e xpovo ©(n3).
O Auvapikoc npoypauuaTionoc.
B (Mn-)apvnTika pnkn kai apaia ypagnuata, m = o(n2):
O n ¢@opec Dijkstra o xpovo ©(nm + n2logn).
O Av apvnTika pgnkn, aAy. Johnson yia peratponn o€ BeTikal
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